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Abstract. For the 1+1 dimensional Lax pair with a symplectic symmetry and cyclic 
symmetries, it is shown that there is a natural finite dimensional Hamiltonian system 
related to it by presenting a unified Lax matrix. The Liouville integrability of the 
derived finite dimensional Hamiltonian systems is proved in a unified way. Any 
solution of these Hamiltonian systems gives a solution of the original PDE. As an 
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application, the two dimensional hyperbolic Cn Toda equation is considered and the 
finite dimensional integrable Hamiltonian system related to it is obtained from the 
general results. 



1. Introduction 

m 

■rj- ■ There are many integrable nonlinear PDEs in 1+1 dimensions [2, 22]. For quite a 

few of them, the related finite dimensional Liouville integrable Hamiltonian systems 
have been obtained. By this nonlinearization method [3, 4], the nonlinear PDE is 
changed to a system of nonlinear ODEs which are Liouville integrable Hamiltonian 
systems. Any solution of this system of nonlinear ODEs gives a solution of the original 

/\ nonlinear PDE. This greatly simplifies the original problem. It is an effective way to 

obtain interesting exact solutions, especially quasi-periodic solutions of the nonlinear 
PDEs [6, 5, 17, 19, 20, 21]. Soliton solutions can be obtained in this way by a limiting 
process [24]. Some integrable systems in higher dimensions have also been reduced to 
finite dimensional Liouville integrable Hamiltonian systems [6, 7, 8, 29, 30]. 

Usually these finite dimensional Hamiltonian systems have Lax matrices so that 
the Liouville integrability can be guaranteed [9, 10, 18, 25, 26]. Most results are 
obtained for specific nonlinear PDEs and specific hierarchies with less symmetries, and 
the integrability of the derived finite dimensional Hamiltonian systems are proved case 
by case. 

In the present paper, we consider a quite general Lax pair with a symplectic 
symmetry and cyclic symmetries. The Lax matrix is presented so that the nonlinear 
constraint of the lowest order is generated naturally from this Lax matrix. The 
Hamiltonian function for the ODEs derived from the nonlinear constraint is expressed 
in terms of the Lax matrix. The Liouville integrability of this Hamiltonian system 
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is proved by obtaining the r matrix and finding enough functionally independent 
conserved integrals. This system contains some known examples such as the MKdV 
equation and the nonlinear Schrodinger equation. It also contains any n x n AKNS 
system with u(n) symmetry, where the symplectic structure is naturally derived from 
the complex structure, and the binary nonlinearization method [9] is recovered. As 
an application, the general results are used for the two dimensional C n hyperbolic 
Toda equation [12], one of the two dimensional afflne Toda equations which are all 
integrable [1, 5, 11, 12, 14, 15, 16, 23]. The two dimensional C n hyperbolic Toda 
equation has a natural symplectic structure. The finite dimensional Hamiltonian 
systems related to it are constructed explicitly. These Hamiltonian systems are simpler 
than (with space of lower dimension) that presented in [27] where binary nonlinear 
constraint was constructed. The result for the x-part of the Lax pair is derived from the 
general result of this paper, while that for the t-part which has the A -1 term is obtained 
independently. 

The paper is organized as follows. In Section 2, some notations and the Lax pair 
with a symplectic symmetry and cyclic symmetries are presented. In Section 3, the Lax 
matrix and nonlinear constraint are obtained for this general system. The Hamiltonian 
function is also presented. The r matrix is obtained in Section 4, which gives the 
involution of conserved integrals. The independence of the conserved integrals which 
are enough for Liouville integrability is proved in Section 5. In Section 6, the specific 
results, most of which are known, for the 2x2 real AKNS system, the MKdV equation, 
the nonlinear Schrodinger equation, the u(n) AKNS system and the n wave equation 
are derived from the general conclusions. Finally, in Section 7, the results for the two 
dimensional C n Toda equation are derived. 

2. Notations and the Lax pair with symmetries 

Let W be a In x In invertible antisymmetric real matrix which gives a symplectic 
itun 
Let 



structure on R 2n 



G = {AeGL(2n,C)\A T WA = W}, (1) 

which is isomorphic to Sp(n,C), the complex symplectic algebra. The inner auto- 
morphism group of G is G/{±I}. Let p : G — > G/{±I} be the natural projection. 
Let 

g = {X e gl(2n,C)\X T = -WXW- 1 } (2) 

be the Lie algebra of G. 

Let Go be a finite subgroup of G such that each of its element A satisfies AA = ±1. 
Here A is the complex conjugation (without transpose) of A. 

Lemma 1 p(Gq) is a finite Abelian subgroup of G / {±1} . Therefore, for any A,B€L Go, 
either BA = AB or BA = -AB holds. 
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Proof: For any A, B G G , AB' 1 G G . Hence A- 1 BAB- 1 = ±AB- 1 AB~ 1 = 
±7, which implies BA = ±AB. The lemma is proved. 

Suppose Qi, • • • , Qn £ Co so that p(fi a ) (a = 1, • • • , N) are generators of p(Go) and 
suppose the order of p(Sl a ) G p(G ) is m a . Then, fi a 's satisfy 

nlwn a = w, n a = ±Q-\ a^ = ±i. (3) 

Let E = {(«i, • • • , «at) I a a G Z (o = 1, • • • , N)}, E = {a = (ai, • • • , chat) G E | < 
a a < m a (a = 1,- ■ ■ ,N)}, then we can write Q a = fi" 1 • • • Qff etc. for multi-index 
a = («i, • • • , ajv) G S. Denote mo to be the exponent of p(Go), which is the minimal 
common multiple of m 1? • • • , m^. 

Let u) : G — > S 1 = {z G C | \z\ = 1} be a group homomorphism such that 
oj(±I) = 1. For any a — 1, • • • , N, denote u a = u(Q a ), then u™ a = 1. 

For any fixed integer k, denote 

V k = {X G g | X = X, ttXtt- 1 = uj(tt) k X for any ft G G }, (4) 

then [Dj,T>k] C T>j +k - Moreover, if X G X>fc, then X 2 - 5 " 1 G T>( 2 j-i)k f° r an y positive 
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integer 7. Let T> = y. ^k, which is a real Lie subalgebra of g. 

fe=0 

Denote G <g> S* 1 = {eg | c G S* 1 , g G G }. For given integer /i, denote 

o h = {9eG ®s 1 \6 = e, u(6) = i,e T = wew~\ 

and Q9Q- 1 = cu(Q) h 9 for any Q G G }. 

Here uj : Go <S> 5* 1 — > S 1 is defined as w(cg) = w((?) for any g G Go and c G S* 1 . It is 
well-defined since w(±7) = 1. Moreover, 0^/ = 0/j if h' = /i mod mo. 

Oh may be empty. However, O is always non-empty since J G 0o- For /i ^ 0, 0^ 
is also useful for some nonlinear PDEs. (See the example of the nonlinear Schrodinger 
equation in Section 6.3.) 

Lemma 2 (i) 6 2 = ±1 for any 9 G Qh- 

(ii) 0/j 7^ only if2h = mod m . 

(Hi) AB = BA and AB G 0/> hold for any A G O , B G Q h . 

(iv) 6X = X6 and 6X G V h+k hold for any 6 G Q h and X G V k . 

Proof: Suppose 6 = eg where g G Go and c G S 1 , then by (1) and (5), 
W = g T Wg = (WgW'^Wg = Wg 2 , which implies g 2 = I and then 9 2 = c 2 I. 
Moreover, 6 2 = 9 2 and c G S 1 implies c 2 = ±1. Hence (i) is true. 

Following (i), (ii) holds since u(Vt) 2h 6 2 = SIO 2 ^ 1 = Q 2 for any SI G G . 

Suppose A G ©o, B G fc , then BAB" 1 = ^(fi) ^ = A implies AB = BA. Then 
it can be checked that AB G Qh by the definition (5). This proves (iii). 

Suppose 9 = eg E Q h where g G G and c E S 1 . Since w(g) = 1, we have 
tfXtf- 1 = gXg' 1 = X, i.e. OX = X9 for any X G P fc . Then (#X) T = X T 6 T = 
(-WXW-^iWeW' 1 ) = -W(9X)W~ 1 . Moreover, S16XS}- 1 = u(Sl) h+k 6X holds for 
any Q G Go- This proves (iv). The lemma is proved. 
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For fixed integers p and h, let 

s is a positive integer, 9 <E Q h , f s _j G R, 
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and / s _j 7^ holds only when j is even and h + j = p + 1 mod mo f . 



(6) 



Here the necessity of j being even when / s _j 7^ guarantees that K^~ x G "Z^-i 
when K ET>i. 

Note that Jy,^ = Jy/j if p' = p mod mo and h' = h mod mo. 

Lemma 3 (i) p — h must be odd if mo is even and T v ^h 7^ {0}. 
(ii) [J~ifl, J~ p ,h\ = holds for any integers p and h. 
(Hi) If f G J- p ,h, then f(K) G V p when K G T>\. 

s 

Proof: Suppose /(r) = y^^fs-j^' 1 £ ^>,ft an d / 7^ 0. (i) holds since 

i=i 
p — h = j — 1 mod m and j — 1 is odd when / s _j 7^ 0. (ii) follows from (iii) of 

Lemma 2. Now suppose / s _j 7^ 0, then j is even and K^~ l G X^-i since K G Pi. (iv) 

of Lemma 2 implies 6f s _jK^~ l G P^-i = P p by the definition of Jy/j. This proves 

(iii). The lemma is proved. 

Lemma 4 Suppose f G J-\$, g G J^, £/jen their composition g o / G Jy/j. 

Proof: Let 

/(r) = £ hf-fr*- 1 * 9(r) = J2 ^dt-kT*- 1 (7) 

i=i fe=i 

where ^ 6 6 , 9 2 6 9;,, / s _j 7^ only if j is even and j = 2 mod m , and # t _fc 7^ only 

if /c is even and fc = p + 1 — /i mod m - Then 

fc-i 



t / s 

fe=i ^ 1=1 






, ,. , J=i ' (8) 

= ££•••£ Mf- 1 /.^-/.-^^^- 1 )^— 1 ). 

fe=i ji=i ifc-i=i 
A term in the above summation is nonzero only if k,ji,---,jk-i are all even, 
Ji) ' ' ' j jk-i — 2 mod m and k=p+l—h mod m - Then, (ji — 1) + • • • + (jk-i — 1) + 1 
is even and (ji — 1) + • • • + (jk-i — 1) + 1 = p+l — h mod m - Moreover, (iii) of Lemma 2 
implies that ^i -1 G ft . Hence g(f(r)) G J 7 ^. 

The space J 7 ^ will be used in constructing nonlinear constraint in the next section. 
In this paper, we will consider the linear system 

$ x = U(x,\)<!> (9) 

where 

v 
U(x,\) =^Uj{x)\ v - j (10) 

3=0 
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with Uj G T> p _j (j — 0, 1, • • • ,p). Equivalently, U(x, A) satisfies 



U(X) = U(X), U(X) T = -WU(X)W-\ 
^[/(A)^- 1 = U{u a X) (o = l, •••,7V). 

Here the first equation in (11) means that the coefficients of A in U(X) are real. The 
second equation and the third equation mean that U(X) satisfies a symplectic symmetry 
and cyclic symmetries respectively. 

The linear system (9) with symmetries (11) consists of many Lax pairs in 1+1 
dimensions. We will consider this general system in the following Section 3, 4 and 5. 
The general results to this linear system can be used for some specific integrable systems 
which will be shown in Section 6 and 7. 

3. Lax matrix and nonlinear constraint 

Let Ai, • • • , A r be non-zero real numbers such that A^'s are distinct. For a — 1, • • • , r, 
let $ CT = (<f>i a , • • • , (p2n,a) T be a real column solution of the linear system 

^ x = U(x,X a )^ a . (12) 

We will construct a finite dimensional Lax matrix first. For given K E X>i, let 

L(X) = K + n^^ A (13) 

where k is a real constant. This construction has already been used in [25, 27] and is 
similar to those used in constructing Darboux transformations [13, 16, 28]. 

Lemma 5 L(X) satisfies 



L(X) = L(X), (14) 

(L(A)) T = -WL(X)W-\ (15) 

n a L(X)Q- 1 = u a L(cu a X), o = l, 2, •••,7V. (16) 

Proof: Owing to (3), suppose Q a = SaVt^ 1 with e a = ±1. (14) holds since 
JF = E a n~ a , ZT = uj~ a , and e 2a = 1. 
With W T = -W, (15) follows from 

v v " L^ L^ X-cu a X a 

aGSo er=l CT 

= -WW - * £ £ gMgg r . (") 



v . X-u a X a 



-H/L(A)H/" 1 . 
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To prove (16), we have 

L{u a X) =K + k^^———— 



aeSo <r=l ' a 



= ^ + u, a ^^^ ^-^ fi a 

Qe So ct=1 CT 

= w - 1 n a L(A)n- 1 . 

Here we have shifted a a to a n + 1 at the second equality in (18). The last equality 
follows from Q a KQ~ x = u a K and Q^WQ a = W. The lemma is proved. 

By Lemma 5, L(X) G T> for any A G R. Moreover, if L(X) is expanded as 

oo 

L(X) = ^2 X ~ JL i with L o = K , then L j e v i-j- 

3=0 

Corollary 1 Suppose f G T v ^ (p > 1); then /(L(A)) satisfies 



f(L(X)) = /(L(A)), (19) 

f(L(X)) T = -Wf{L{X))W-\ (20) 

QJiLiX))^ 1 = tu p J(L(cu a X)), a = 1, 2, • • • , N. (21) 

s 

Proof: Suppose /(r) = y~\9f s -jT^~ 1 where 9 G O^, / s _j G R, then we can check 

3=1 

s 

that f(L(X)) = y ^9f s -j(L(X)y satisfies (19)-(21) by Lemma 5 and the definition of 

3=1 

Oh and J~ p ,h- This proves the corollary. 

n 

For a Laurent series N(X) — ^, NjX* , define 

j=-oo 

n -1 

iV(A) + = J>^, N(\)-=Y,W- ( 22 ) 

j=0 j=~oo 

Write M(X) = f(L(X)) and expand it as 

CO 

M(X) = J2 M 3 X ~ J (23) 

3=0 

with M = f(K). Corollary 1 implies that Mj G *D p _j if / G J 7 ^. 

Theorem 1 Suppose f G J-p^ (p > 1), £/ien L(A) satisfies 

L(X) X = [U(X),L(X)] (24) 

under the constraint U(X) = U(X) where 

U(X) = (A"/(L(A))) + . (25) 

p 
Moreover, U(X) = y j UjX p ~-' satisfies Uj G T> p _j. 

3=0 
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Proof: By using (3), (11) and (13), 

(Q a ^ a ^(Q a ) T w) x = [u(co a x a ), n^^(n-) T w]. (26) 

Hence 

-L{X) X + [U(X),L(X)] = - Y)K, \r~tUj] 

3=0 

c*e£ o-=l i=0 CT 

is a polynomial of A. On the other hand, since [/(L(A)), £(A)] = 0, we have 
( - L(X) X + [[/(A), L(A)]) + = [(A*/(L(A))) + , L(A)] + 
= -"(A*/(L(A)))_,L(A)l =0. 



(27) 



(2f 



Hence, L(A) S = [C/(A),L(A)] holds identically. Moreover, Corollary 1 implies that 
Uj G T^p-j- The theorem is proved. 

Therefore, L satisfies the Lax equation (24) if U(X) satisfies the constraint U(X) = 
(A p /(^(A))) + . 

With the above constraint, (12) becomes a system of nonlinear ODEs 

$ , x = (A P /(L(A CT ))) + $ CT . (29) 

Theorem 2 Suppose f G J- Pt h (p > 1), then (29) is a Hamiltonian system with the 
Hamiltonian function 

H = tr(ResA p F(L(A))) (30) 

2kul\ ■ ■ ■ rriN \ ' 

where F is a matrix-valued polynomial satisfying F'(r) = /(r) and F(0) = 0. 
Proof: Expand the Lax matrix L(X) as 

oo 

L(A)=j]A-^ (31) 

3=0 

where 

r 

L = iT, Lj = k J2 ^(^A^^O^^^H")^ (j>1). (32) 

aGSo <r=l 
s s _. 

Using the expression /(r) = ^ ^ 9f s -iT ~\ we have F(r) = /. ~y@fs-i r ■ 

i=i i=i 
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Denote W = W' 1 , then 

2 " dH 



2kv(1\ ■ ■ ■ itin \^ W 



jk~ 



k=i 

In +00 



= K E E E Res ( AP ^ (/(L(A))) ^ (wQACTrl 

•^• fc ((^$ CT ) 6 ((^) T ^) fca + {n a ) bk {^l{n a ) T w) c 

2n +00 

= K E E E Res (^(/(^w^r 1 

aGSo a, 6=1 £t=l 

•((fr$ CT ) fc (fr^ a + {n- a w- l ) jb {®l{w*) T w) a ) 

+00 

= 2/t E E Res (A p_/i (w a A (T )^ 1 (fi- a /(L(A))fi a $ 

aeS () /i=l 

Here we have used (3) and (20). Expand 



2 " d# 



fc=i " ^ 

-00 +00 



2k J2 EE Res (>< p ~ ,i ~ v (^ a K)' t ~ 1 (^~ 0l M v ir^ a ) 



ctgEo /i=l ^=0 
P 



2k J2 ^(^ a A CT ) p -"(fi- Q M^ a $ c 

aeS i/=0 

V 

2Km 1 ---m N J2>C / (M u <f> (T ) 



'3 

u=0 



A=A CT / j 



(33) 



f{L{\)) = Y,M v \- v (34) 

i/=0 

as in (23), then Mj G T^p-j-, and 

2n 



(35) 



= 2/ t m 1 ---m JV ((A p /(L(A))) + 

Therefore, the Hamiltonian equations given by the Hamiltonian function (30) are just 
(29). The theorem is proved. 

In many concrete integrable systems, say, the nonlinear Schrodinger equation in 
real form, the condition C/ p _i G T> p _i fl (ker adK) 1 - is needed where _L refers to the 
orthogonal compliment with respect to the Killing form (•, •) of g. However, usually 
Mi G T> p _i fl (ker adK) 1 - is not guaranteed when T> p _i Piker a,dK 7^ {0}. This problem 
can be solved with the help of the following Theorem 3. Before that, we need an algebraic 
lemma. 
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Lemma 6 Let 



M 



1 


/'l 


\x\ ■ 


u 2n_1 
pi 


1 


H'n 


/4 • 


tf?- 1 





1 


2/ii • 


■ C2n-l)ri n - 2 





1 


2p„ • 


■ (2n-l)isl n - 2 



(36) 



then 



det_M = (-l) n(n - 1)/2 II (A**-/*i) 

l<j<fc<n 



(37) 



Proof: Denote /(#) = (l,x,a; 2 , 
M^(x 



x 



2n-l\T 



(l<>1 ' cto^' /(/i2) ' " ' ' /(/in) ' d^^' d^ (/i2) 



d/ 
drr 



(pv 



Then <M (0,1) (a*i) = M, M {0 ' k) (pL 2 ) = 0, M^/^) = 0, and M {k > k ^ 
k > 1. Moreover, we have 

j 2 



x) 



d 
dx 3 



_^^)(x)=^(°' 2 )(a;) 



dx 2 



^(0,1), 



,T" 



^(0,3), 



,t; 



^(1,2), 



,t; 



(38) 
for any 

(39) 



M {0A \x) = M {0A) (x) + 2M {1 > 3 \x). 



This implies - r -rM ( -°' 1 Hfji 2 ) = for k = 0,1,2,3. Since M^Xx) is a polynomial of 

dx k 
x, M. must be of form (/x 2 — /ii) 4 -F 1 (/i 1 , • • • , //„) where F x is a polynomial. Owing to 

the symmetry, M. = II (yUjt — ^j) A F 2 {ni ) ■ ■ ■ ,/i n ) where F 2 is another polynomial. 
However, regarded as a polynomial of /ii, A4 is of degree 4n — 4. Hence F 2 must be a 



constant. Comparing the coefficient of I I \x k , we get F 2 = (— l) n( - n 1 - ) ' 2 . The lemma 

fc=2 

is proved. 



Theorem 3 Suppose K E T>i is diagonalizable, f G J- p> h (p > 1)- Expand M(A) = 
f(L(X)) as in (23) where L{X) is given by (13). Then there exists a polynomial ( such 
that M(A) = ((M(\)) = M + A" 1 ^ + o(A" 1 ) with M x € V p _ x n (ker adif)- 1 and 
Mi - Mi 6 Pp_i D ker adX. 

Proof: Let K = TAT -1 where A is a complex diagonal matrix and T is a complex 
invertible matrix. Let m = m Q if m is even and m = 2m if rn is odd. Let [Xi, ■ ■ • , Hi 
be all the distinct eigenvalues of A" 10 . By Lemma 6, there is a unique complex solution 
(j (j ' — 0, 1, • • • , 2/ — 1) of the linear system 

2Z-1 2Z— 1 

Y^Ck^ = 0, mo^-^feCfc^-^l (j = !,•••,/). (40) 



fc=0 



fc=0 
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Then 



21-1 21-1 



J2(kK kfho = 0, m J2k(kK kfho = I. (41) 



fc=0 k=0 



Since K is real and ^-'s are unique, Q's must be real. 

21-1 

Let £(t) = r — N^ Cfc r mo+1 , then £ G J-^o since m is always even, and C(-^0 = K- 



k=0 

For any H G ker &dK, 



21-1 



(H,M-M) = -J2 Ck(H, M km " +1 ) 

k=0 
21—1 I kmo \ 

= -J2^ k \ H ' K kfho+l + A" 1 J2 K j M x K kih °- j \ + o{\- 1 ) 
fe=o ^ i=o ' 

21-1 

= -J2(H, CkK kiho+1 + \-\km + l)C k K kiho M 1 ) + o^ 1 ) 

fc=0 



(42) 



= -\' 1 (H,M 1 )+o(\- 1 ). 

Comparing the coefficients of A -1 , we have (H,Mi) = 0. Since ( G -7-1,0, Lemma 4 and 
Corollary 1 imply that M x G T> v _ x . Hence M x G £> p _i n (ker adK)- 1 . 
On the other hand, 

21—1 r fcmo 



fc=0 
2f— 1 



[if, M - M] = - J2 Cfe K, K kmo+1 + A" 1 J^ K i M 1 K hm °- 



3=0 



+ o(A- 1 ) 

(43) 



-A" 1 J2l(kK kfh0+ \ Mx] + o(A- x ) = o(A- 1 ). 



fc=0 



Comparing the coefficients of A , we get Mi — Mi G T> p _i fl ker adi^. The theorem is 
proved. 

Owing to Lemma 4 and Theorem 3, we can always want Lq G T> v _x fl (ker adK) 1 - if 
necessary, by replacing / with / o £. However, when £ is complicated, the Hamiltonian 
function need not be calculated from Theorem 2. Instead, it is simpler to integrate 
it from the Hamiltonian equations directly. In this case, Theorem 2 is still important 
because it shows that the Hamiltonian function is expressed by the Lax matrix, which 
is essential in the proof of Liouville integrability. 

4. r matrix 

In R nxr with coordinates (pj a (j — 1, • • • , 2n; a — 1, • • • , r), define the symplectic form 

2n r 

J2 Yl W 3^3° A d <^- ( 44 ) 

J,fc=l (7 = 1 



Finite dimensional Hamiltonian system related to Lax pair with symmetries 11 

Then, for any two smooth functions / and g, their Poisson bracket is 

</■'>= EE*.&£ («) 

J,fe=l (7 = 1 J 

with # = W-\ 

Theorem 4 For any A,/i G C, 

{L a6 (A),L cd (/i)} = [n(A,//),L(A) ®i"] a &cd + [r 2 (A,/i),/(g)L(/i)] a6cd (46) 

/io/ds where the Poisson bracket is given by (45) and 

MA,a*)W= £ _ K ((^- 7 ) arf (^ 7 ) c fe - (n-W 1 ) ac (^^) (ft ) 

(r 2 (A, /i)) a6crf = £ ~^~ix ((^U^ - (n-^w-^wwu) ( 47 ) 

= -{n{n,>))cdab- 

Here 

|/*> -£>]abcd = / {Aapcq-Dpbqd ~ ^ apcq A pbq d) (48) 

p,g=i 

for any two (2n) 2 x (2n) 2 matrices A and S. 
Proof: Written in components, 



r In 



K{£i a ) af <p fa <p g(T {n a ) hg w hb 



L ab (X) =**+£££ M " ^ggf ^" , (49) 

ogSq o-=l f,g,h=l 



2/7 

^ V a^^aT + a^^ J ' (50) 



dLcdjfj) _^p^ / /t(^ /3 ) efc 9(7 (^ /3 ) T . (? W rd /t(^) cg g(7 (^) rfc iy rd \ 

The Poisson bracket is 
Kbcd = {L ab (X), L cd (n)} = > > W jk v ^' 

0<Pja CKpkcr 



(7=1 j,k=l 



2n 



P 



jk 



(7=1 a,/)gSo j,k,j,h,q,r=l 

\n a ) aj (n a ) hf w hb + (n a ) af (n a ) hj w hb 
V) cfe (fi%w^ + (ft%(^) rfc w rd 

(7=1 a,pGSo 



(52) 
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where 

(53) 



D abcda$ = (n^w- 1 ) ac (w T n^^ T a (^) T w) bd + (n^) ad (w T n^ a ^(n^ )h< 



lac' 



Here we have used (3). 

Let 7 = - a, U^ = n a ^ a ^(n a ) T W, then (U^f = -WU^W' 1 , U^ 

Written in terms of IIq , 
D abcda p = -{n-m- l ) ac {WWTl^) dh + (Q^) ad (Qm^) cb 

On the other hand, written in terms of Up , 

D abcda p = -(Q-'W-^UWQ-m^),, + (Q-^) ad (U^Q^) cb 

p )ad-rvWW) db (n% 



■(wUin-m^u + (wwuinWww- 1 



Hence 

2n. 



7 eE„ i=i ^ 

- (Q-W 1 ) ac (W^(L(A) - K)) db + (Q^) ad (^(L(A) - K)) cb 

■{W) cb {{L{\) - K)n-r) ad + (WW) db ((L(\) - K)Q-''W- 1 ) C 



2n 



KU 



7 



+ ^ ^ /i - U<\ 
7GS Z=l ^ 



(n-'W- L ) ac (Wn-'(L(fi) - K)) bd + (n^) ad ((L(/i) - K)W 



Icb 



-(W) cb (Q-i(L(ii) - K)) ad + (WW) db ((L(n) - K)WW- 1 ) 
In A abcd , the terms with Kj^s are 

+{W) db {Kn-^) ad - (WW) db (KQ^W- 1 ), 

+ Yl r^r ((n^w- 1 ) ac (W£i-'iK) bd - (sr 7 )*^ 7 ),* 

7es ^ U 
+(W) cb (Q-^K) ad - (WW) db (KWW- l ) a )j = 0, 

in which we have used the relations in (3) and the fact K E T>\. Hence 

2n 

K bcd = Y.Y1 _ K uU ( " ^ lw ^)ac{w^) dl L lb {\) + {n-<) ad {w) cl L lb {\) 
7 6s 1=1 ^ u 

-L aJ (A)(fi-T) w (Jr) c6 + L a ,(A)(fi-W- 1 ) fc (H/^), 6 ) 

2n 

+ E E z~yr (~ (^w^Ww^ 7 )/^^) + (n^U(W) cb L ld ^) 



(54) 



(55) 



(56) 



(57) 



(5f 
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which is the result of the theorem. 

From Theorem 4, it is easy to derive 

Theorem 5 Suppose 9\ and 9 2 are constant 2n x 2n matrices such that [9j,L(X)] = 
(j = 1,2), then {tr(6*iL(A) fc ), tr(9 2 L(ii) 1 )} = holds for any positive integers k and I, 
and complex numbers A and fi. 

Proof: According to Theorem 4, 
l{tr(^ 1 L(A) fc ),tr(^ 2 ^L( ) u)')} 

2n 



E (OiL(\) k - 1 ) b a(hm i - i ) de {L(\u, m cd \ 

(59) 



a,b,c,d=l 
2n 



a,b,c,dj'=l 

(n)ojcd^(A)j6 - L(X) aj (ri) jbcd + (r 2 )abcjL(n)jd - L(^) cj (r 2 ) abjd 
= 
by the relations 

2n 

E (^(A)*- 1 )^)* = (0iL(\)% (60) 

6=1 

etc. The theorem is proved. 

According to Theorem 2 and 5, {H, tr(#L(A) fc )} = holds for any positive integer 
k, complex number A and matrix 9 with [9, L(X)] =0. 

5. Independence of conserved integrals 

According to (15), tr(0L(A) *) = for any K G Z>i, 9 G 0^, and positive integers k 
and /i. It is only necessary to consider ti(9L(\) k ) for even k to generate the conserved 
integrals. 

For given 9 G 0^, expand 

ti{9L(\f k ) = E sf k) {9)\- j . (61) 

3=0 

By (16), sf k) (6) = uj 2 a k+h - j sf k) (9) for all a = 1, • • • , N. Hence sf fe) (#) = unless 
j = 2k + h mod mo. 

To consider the non-zero s, (0)'s, let 

Theorem 6 Suppose K E T>i is diagonalizable. Suppose also that there exist 9k G Qh k 
{k — 1, • • • , n) such that [9j, 9k] = for all j, k, and 9jK 2 i~ 1 (j = 1, • • • , n) are linearly 
independent. Then E p (9k) (k = 1, • • • , n; p = 1, • • • , r) are functionally independent in 
a dense open subset of~R 2nxr . 
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Proof: According to (iv) of Lemma 2, [6j,K] = for all j since 6j G 0^ and 
K E T>i. Moreover, 6 2 = ±1 implies that $j's are diagonalizable. Hence there exists a 



2n x 2n complex invertible matrix T such that K^ = TKT~ l and 9, = TdjT^ 1 are 
all complex diagonal matrices. Let S = (£,jk)i<j<n,i<k<2n where £,j k is the (k, k) entry 
of 6a (if' ') 2 - 7 ' -1 . Since 6jK 2 i~ l (j = l,---,n) are linearly independent, rank(H) = n. 
Without loss of generality, suppose that the first n columns of S are linearly independent. 
Let 

S = {m g R 2nxr | all the entries of T^ are non-zero}, (63) 

then S is a dense subset of R 2nxr . 

Now we compute the Jacobian matrix of E v (6k) with respect to JCT . By the 
definition of L(A), 



1 tr(6 k L(Xr) = 1 tr U (k + « £ £ 

^ aeSo ct=1 



fi a $ CT $J(fi a ) T H/\ 2fc 



A - u a X c 



= 2k tT { 9kK +2kK9kK 2^2^ A-^A g J*"' 

aeSo cr=i 

where "• • •" represents the terms of 0j CT 's whose degrees are higher than 2. Hence 

r 

£**>(0 fc ) =Ktr(^2 J2( uaX ^ m0 ^~ 1)+2k+hk ~ l9kK2k ~ lQa ®°®°( na } TW ) + " ' 

aGS <r=l 

r 

= Km 1 ---m N ^2 X^ o( P- 1 ^ +2k+h "- 1 ^W6 k K 2k - 1 ^ cr + ■■■ 

ff=i 
since u m ° a = 1, K e V u 9 k e B hk and (3) holds. 



(64) 



(65) 



Denote * = (0, CT )i<j<2n ; i<a<r- For fc = l,---,n, j = l,---,2n, p = l,---,r, 



a = l, 



<9K 



(*), 



2ktoi • • •m JV A^ ,(p - 1)+2fc+/,fc - 1 (^e fc A: 2fc - 1 ^) jff + 



y jcr 



Here we have used the fact that W6 k K is symmetric. Then 



2n 



B w_1 : 



d£. 



(k), 



jl- 



2«mi • • • m JV A^ o(p - 1)+2fc+h *- 1 (0fciir 2fc - 1 *) J - <r + 



i=i 



^<X 



Let 



M (s) = ^oip-D^k^-l^^k-l^^^^ (1 < s < r) 



(66) 



(67) 



(6* 



where the row indices are k — 1, • • • , n and p — 1, • • • , s, and the column indices are j 

I,--, 

where 



1, • • • , 2n and a — 1, • • • , s. Write .A/f ^ as the block matrix M^ = {M kj )\< k < n -i<j<2n 



Mti 



yn +2k+h k - l/^(fc)\ . 



^m +2fe+/i fc -l/^ r (fc)\ . 



\ 



, mo(s-l)+2fc+/ik-l^(ife)\ __ ■,m () (s-l)+2fe+fe fc -l/ x T / (fc)x 



(69) 



Finite dimensional Hamiltonian system related to Lax pair with symmetries 
are s x s matrices, and \p( fc ) = 9kK 2k ~ 1 ^/. Let 



15 



A/" (s) 



/<7« 



V 



\ 



(7 



to 



<7 



to 



/ 1 

-A™ 1 
-A! 



\ 



(70) 



-K no i / 



then 



a^M is) 



)JS 



(71) 



A, = | ( ^ _ X rn 0)X (a-l) mo+ 2k + h k -l^ {k)) \ 

/ l<a,6<s— 1 

and A'T 5 ' is transformed to M^ S 'MS S ' under elementary transformations. Take another 
elementary transformation for J\f^Ai^ by changing the 1st, (s + l)-th, (2s + l)-th, • • •, 
{{n — l)s + l)-th rows to the bottom and changing the s-th, 2s-th, • • •, 2ns-th column 
to the right. Then A4.^ is changed to 

M^" 1 ) 



B Q 



(72) 



where M^ = (Afg 1) )i< fc < n ,i< j <2n, 



/ A7 - A 



Mf 



M™ 



"H) 



\ 



\ 



A s-1 A s / 



(73) 



b. 



Then 

2n 



}2k+h k -lUfy{k)\ _ 



l<fc<ra,l<7<2n 



{TOkK^- 1 ^)^ = \ 2 & k+hk -\ef(K^) 2k - l T^) js . (74) 



That is 



Hence 



(5 s T T ) jfe = A^- 1 ^^*)^. 



-Bs^ — (A S J J ^'A:)nxn(^fe)nx2n((^^ / )js^jfc. 

is of rank n provided that ^ E S. 

Hence rank(.B s ) = n if \1/ G 5. From (72), we have 



2nx2n 



rank(.M (s) ) = rank(.M 



(s-iy 



n 



(75) 
(76) 

(77) 



if \& G 5, which implies rank(.M^) = nr if \1/ G 5. 
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From (67), for given \l/ £ S, there exists e > such that 

dEl k) (9 k ) 



rankf ^(W 1 



J rW)j / l<fc<n,l<p<r 

;_] '-"rla ' l<j<2n,l<CT<r V&=e\I/o 



holds for all e with |e| < e - Equivalently, rank! 



dR 



(*), 



(9^/) ■ / l<fc<n,l<p<r 

Ui F]cr ' l<j<2„,l<<r<r 



nr (78) 

= nr holds 



for all £ with \e\ < Eq. Because of the real analyticity, the above equality holds in a 
dense subset of R 2nxr . The theorem is proved. 

Summarizing the results in Theorem 2, 5 and 6, we have the final theorem on the 
integrability. 

Theorem 7 Suppose K G T>\ is diagonalizable, f G J- p ^ (p > 1)- Suppose also 
that there exist 0k G Qh k (k = l,---,n) such that [6j,0k] = for all j,k, and 
OjK 2 ^ 1 (j — 1, • • • ,n) are linearly independent. Then the system (29) is an integrable 
Hamiltonian system in Liouville sense with Hamiltonian function given by (30). 

With stronger conditions on K, we have 

Corollary 2 Suppose K G T>\ is diagonalizable and K 2 has at least n distinct 
eigenvalues. Suppose also that f G J- Pt h (p > 1)- Then the system (29) is an integrable 
Hamiltonian system in Liouville sense with Hamiltonian function given by (30). 

Proof: Take 0\ — • • • — 9 n — I in Theorem 7. Since K 2 has at least n distinct 
non-zero eigenvalues, K, K 3 , • • •, K 2n ~ l are linearly independent. The result follows 
from Theorem 7. 

6. Some examples 

In this section, we will recover some known results for certain important integrable 
equations from the general results in the present paper. Hereafter, we always write 



(0 

7T 



XX^**- ( 79 ) 



cr=l 

6. 1 . MKd V equation 

The MKdV equation 

Ut + 6u 2 u x + u xxx = (80) 

has the Lax pair 




<E>. 





Finite dimensional Hamiltonian system related to Lax pair with symmetries 



17 



K 



Now n = 1, N 
1 



. Then T>, 



1, mi = 2, wi = — 1, W 
ce r1, Pi 



-1 

1 
a b 
b —a 



a, 6 G R >, 



-c 
-1 J I v c 

Po n ker &dK = {0}, O = {±/ 2 x 2 }, 6i = 0. 

Take k = — 1. Let $ CT (a = 1, • • • , r) be column solutions of (81) with A = X a . By 
(13), the Lax matrix is 



L(X) 



1 



+ ^A- 2fc " 2 



j^ A -2fc-l 



fc=0 



-7T 




(2fc) (2fc) 



7T 



(2k) (2fc) 



1.1 



7T 



2.2 



1,1 



7T. 



2.2 



fc=0 



7T 



9^(2^+!) 
Z7r l,2 

(2fe+l) (2fe+l) 



7T 



(2fc+l) (2fc+l) 



M) 



i.i 



TV. 



2,2 



1,1 



— 7T. 



2,2 



9 (2fc+l) 



Take 



/*( T ) = r e ^ /*( T ) = 2 (r 3 - 3r) 6 ^3,0 = ^1,0, 



«) 



then f x (K) = K, f l {K) = —4K. According to Theorem 1, the nonlinear constraint is 



u = ir 



(o) , ~(o) 



1.1 



7T. 



2,2- 



Then 



u x = 2(ttS - Trg) 



5 '-"rrrr 



//.,,. = 4(ttJ 2 1 ) +41) + towil 



$4) 

55) 
56) 



Under the constraint (84), the Lax pair (81) becomes 

4> CT ,. = (\r(L(X))) + \ x=x ^ a , * ff>t = (A 3 /'(L(A))) + | A=Aff 4> CT . 

1 
Remark 1 / x (t) = — (t 3 — 3r) G J-^o = J~3 t o which is proportional to /*(t) tyill groe 

£/ie same equation as f{r) = r. 

According to Theorem 2, the systems in (86) are Hamiltonian systems with 
Hamiltonian functions 



(i) 
1,2 



(°) , ^(°h2 



H x = -\\r Res AL(A) 2 = ^- tr Res A ( L(\f - 6L(A) 
8 32 V 

H l = -itrResA 3 (L(A) 4 - 6L(A) 2 ) = -47$ - 2(7$ + 7$) (7$ + 7$) 



2,2; ) 



57) 



.(i) 



A 1 )^ 



.(0) . (0)^2 (1) 



,(°) , ^(°M 



+ (^ - A,i? - 2(«% + ^>r^> - -k> + ^) 4 . 



These are involutive Hamiltonian systems which are integrable. The solutions of 
the corresponding Hamiltonian equations satisfy the MKdV equation. Therefore, we 
have recovered some known results [25] from our general results. 
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The x-part of the 2x2 real AKNS system is 

1 \ / u 

U + 

-1 / V v 



18 






A 



$. 



Now n 

a b 

c —a 
Take k -- 
Lax matrix is 



1, TV = 0, W 



-1 

1 



K 



1 

-1 



Then T?n 



a,b,c G R > , D n ker ad-K" 



a G R L e = {±7 2x2 }. 



•1. Let 5> fo- 



, r) be column solutions of (88) with A = X a . The 



L(A) 



1 
-1 



S a- 1 



fc=0 



-7T 



-7T 



(fe) (fc) 

1,2 "1,1 

(fc) (fc) 

2,2 ^l^ 



J9) 



Noticing that £>o Hker &dK ^ {0}, we need to take f x (r) 



(r s - St) G 7, 



3,0 



J-"i o as in Theorem 3. According to Theorem 1, the nonlinear constraint is 



U = IT 



(0) 

1,1' 



(0) 



(90) 



Under this constraint, the Lax pair (88) becomes 

$„, x = (Ar(L(A))) + | A=Aff $ CT . (91) 

According to Theorem 2 and Corollary 2, the system (91) is an integrable 
Hamiltonian system with Hamiltonian function 



H x = — tr Res A ( L(A) 4 - 6L(A) : 
16 V 

This is a well known result [4]. 



.(i) 



1 



.(owo) 



*i,2 + -^\,\K 22 . 



(92) 



6.3. Nonlinear Schrodinger equation 

The nonlinear Schrodinger equation, written in real form, is 

u t = v xx + 2(u 2 + v 2 )v, 



-v t 



u xx + 2(u 2 + v 2 )u. 



(93) 
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Denote / 



and J 



1 / V l 

respectively. The Lax pair in real form is 



which play the role of 1 and i 
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^T 



$* = A 



$ 



ul + v J 



-ul + V J 



$t 



-2A 2 



J 



$-2A 
■ J / \ — vl — uJ 



—vl + uJ 



$ 



(94) 



$. 



[u 2 + v 2 )J —v x I + u x J 
v x I + u x J — {u 2 + v 2 )J 
Now n = 2, iV = 2, m x = 2, m 2 = 2, wi — — 1, w 2 = 1, 
/ -1 \ 



Q 1 =W 



Then 
V = 



Do n ker adif 



1 

10 

\ -1 / 



aJ hi + cJ 
—6/ + cJ —aJ 
al hi + cJ 
hi — cJ —al 
aJ 

—aJ 



fi. 



U 



u 



K 



(95) 



a, 6, c G R 
a, b, c G R 
a G R 



(96) 



6 = {±/ 4 x4}, 9i = \ ± 



J 



J 



Take k — — 1. Let $ CT (a = 1, • • • , r) be column solutions of (94) with A = A a . 
Lax matrix is 



The 






-2k-2 



fc=0 



fc=0 

where 
^ = 



(2fc+l) . „(2fc+l) t 
</2 A HZ J 



(2k) T (2k) T (2k) T 

-q\ 'J q\ 'I + q\ 'J 

-q? k) I + qf k) J qf k) J 

q ^I + qf +l) J 

„(2*+l) T 
HI L 



(97) 



2(vr} 

2(4; 



(2fc) (2fc) 



7T. 



2,3 )i 12 



(2k) _ (2k) (2k) (2k) 



7T 



1.1 



7T. 



.(2k) 



2,2 



^^ ^4,4 ' 



(2k) (2k) 



7T 



3,4 J, ?1 



(2fc+l) 



2K 



(2fc+l) (2fe+l) 



— 7T 
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2,4 ;> 

(2fc+l) _ (2/fc+l) (2fc+l) (2fc+l) (2fc+l) (2fc+l) 



(91 



7T 



1.1 



7T 



2,2 



7T 



3.3 



7T 



4,4 ! 



% 



2(4: 



(2fc+l) (2*;+1)n 

2 "r ^^ / 
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( J \ 

Denote 6 = J G 0i, and let 

f x (r) = -i(r 3 - 3r) G 71,0, /*(r) = -^(3r 5 - 10r 3 + 15r) G ^2,1, (99) 

then /*(#) = K, f\K) = -26K. 

Remark 2 If we take f x (r) = r, then f x (K) = K, but L\ has a non-zero projection in 

linker adK 7^ {0}. To solve this problem, we use Theorem 3 to get £(t) = — (r 3 — 3r) ; 

which gives f x (x) in (99). 

I 1 

Remark 3 f x (r) = -(3r 5 — 10r 3 + 15r) = — 0/*(t) p/ays £ne same ro/e as / x (r) m 

(£5) does. 

According to Theorem 1, the nonlinear constraint is 

« = *$"*$+*$-*& ^2(^-4°!). (100) 

Then 

u x = 2(4]l - 41 ~ 41 + 4}) - 4.(7rJ°i + vrg), 
«, = 4(7r{2+42)+4«(7rW+7r$5). 
Under the constraint (100), the Lax pair becomes 

<±V = (Ar(L(A))) + | A=ACT $ CT , *„ >t = (AY(L(A)))+| a=Act <1V (102) 

According to Theorem 2, these are Hamiltonian systems with Hamiltonian functions 



(101) 



iP = ^trRes(^(L(A) 4 -6L(A) 2 )) 

-^ tr Res (\ (l(A) 6 - 5L(A) 4 + 15L(A) 2 ) \ 



128 

- J 1] - 7T (1) + C7r (0) - 7T ( °V + IC7T (0) - 7T (0) + 7T (0) - 7r ( °V 
_ "1,3 ^2,4 + l^l^ 7r 3,4j + 4^ i. 1 ^2,2^^3,3 ^4,4 ) ) 

if* = J_ tr Res f A 2 (l(A) 6 - 5L(A) 4 + 15L(A) 2 ) ") 

(2) , (2), . of (l) . fl)w (0) (0) . (0) fO)x 



(103) 



2«i + ^) + 2(^+^)(^ 



^2,2 + ^^ ^A,A' 



-2(41 -41x41 -4} -41 +41) 

+(41 + 42) ((41 - 41 + -S - 4l?+<4l - 41?) ■ 

According to Theorem 7 with 9\ = I and # 2 — 0, these Hamiltonian systems are 
integrable in Liouville sense. The solutions of the corresponding Hamiltonian equations 
satisfy the nonlinear Schrodinger equation. This recovers the results in [25]. 
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6.4- u(n) AKNS system 

Denote / and J as in the above subsection. The x part of the u(n) AKNS system is the 
linear system 

$ s = (XK + P)$. (104) 

Here K = (ajJ5jk)i<j,k<n, clj (j = l, - ''> n ) are real numbers such that ai,---,a n 
are distinct. P = (u jk I + v jk J)i< j>k < n with Ujj = v j:j = 0, u kj = -u jk , v kj = v jk 
(j,k = 1, •••,n). 

Here we have written the u(n) AKNS system in real form, which is equivalent to 
usual complex form. 

Now mi — 2, N — 1, ui — 1, Qi — W — (—Jb~jk)i<j,k<n- Then 

T^o(— T^i) = j (dj k I + bj k J)i<j jk < n | aj k , bj k E R 
a k j = ~a jk , b kj = b jk (j,k = !,-•• ,n 



' , (105) 

V n ker adK = UcjJ6 jk )i< jjk < n \ Cj e R (j = 1, • • • , n)>, 

@0 — {=t^2nx2n}- 

Let f x = ( where ( is given by Theorem 3, then f x (K) = K. 

Take k = — 1. Let $ CT (<r = 1, • • • , r) be column solutions of (104) with A = X a . By 
(13), the Lax matrix is L(X) = (Ljk(X))i<j,k<n with 



( — a,j . 

L JkW =| n J Ojfc 

Oj 



iV 



+£ 



(7 = 1 



1 ( 4>2j-l,a4>2k,cr ~ <f>2j,ff<f>2k-l,ff ~ <f>2j-l,a<hk-l,ff ~ 4>2j,<r4>2k,<7 

H>2j-l,ffH>2k-\,o + <t>2j,<T<P2k,a 4 > 2j-l,<r4 > 2k,cT ~ H>2j,ffH>2k-\,o 



(106) 



x-x n 



By Theorem 1 and 3, the nonlinear constraint is 

Uj k = 7rgLi,2fc - ^fc-l, V ifc = 45-1,2^-1 + 4^ U ¥= k ) ■ ( 107 ) 

Under this constraint, the Lax pair becomes a system of ODEs 

^ = (AC(L(A))) + | a=Act $ ct . (108) 

It is too complicated to derive the Hamiltonian functions from Theorem 2 directly. 
However, it can be easily integrated from (108) to get the Hamiltonian functions since 
the action of ( is simply to remove the ker adK component from P. The result is that 
(108) is a Hamiltonian system with Hamiltonian function 

, J ~n , n (109) 

, £ W (°) _ (°) \ 2 m - \^ ( (°) j. (°) \ 2 

<a / j \^2^2k-\ 7r 2j-l,2k) < a / j \ 1X 2j-l,2k-\ ' ^j^k) ■ 

j , k — 1 j , k = 1 

j^k j^k 
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Remark 4 This process is just the binary nonlinearization [9] for the u(n) AKNS 
system [10]. In fact, for any Lax pair with unitary symmetry, the complex structure 
induces a natural symplectic structure. Therefore, for any finite dimensional Hamilto- 
nian systems derived by nonlinearization method from the u(n) AKNS system, their 
conserved integrals, r matrices and the Liouville integrability are derived naturally from 
the results of the present paper, although the Lax matrix and the Hamiltonian functions 
may be derived more simply by direct computation. 

Remark 5 The nonlinear Schrodinger equation is also included in the u(2) AKNS 
system. Hence the nonlinear constraint given here is also applicable to the nonlinear 
Schrodinger equation [26]. However, it is different from that in Subsection 6.2 because 
the symplectic structure here is derived directly from the complex structure, while that 
in Subsection 6.2 is the standard one in sl(2, C) which is isomorphic to sp(l, C). 

6.5. n wave equation 

The n-wave equation is the integrability condition of the Lax pair 

<5> x = (XK + P)$, $ t = (XK' + Q)$. (110) 

Here K = (ajJS jk )i<j,k<n, K' = (bjJS jk )i< j:k < n , CLj,bj (j = l,---,n) are real numbers 
such that ai,-'-,a n are distinct. P = (uj k I + Vj k J)i<j jk < n with Ujj = Vjj = 0, 

Ukj = -u jk , v kj = v jk (j, k = 1, • • • , n). Moreover, Q = ( — -(u jk I + v jk J) ) 

\Cl,j — CL k / l<j,k<n 

Then [K, Q] = [K',P]. Clearly the n wave equation is a special equation in the u(n) 
AKNS system. Hence we only need to consider the t-part of the Lax pair. 

For the n wave equation, N, m 1; u>i, Qi = W, V , 6, the Lax matrix L(X) and 
the nonlinear constraint (107) are the same as those in the last subsection for the u(n) 
AKNS system. 

Since det ( (\/—laj) k ~ 1 ) 4^ 0, the linear system 

V J Jl<j,k<n 

n— 1 

Y,(a J J) n ~ k ~ 1 (a k I + p k J) = b J J ( 3 = l,...,n) (111) 

fc=0 

has a unique real solution aij, f3j (j = 1, • • • , n). Let 

n 
f) = ((ajl + ftJ^l^n, />) = E !n-^-\ (112) 

3=1 

then f(K) = K' . Let /' = / o ( where ( is given by Theorem 3, then f l {K) = K' . 
Under the constraint (107), the Lax pair (110) becomes two systems of ODEs 

0v = (Ar(L(A))) + | A=Aff $ (T , *„ >t = (A/ t (L(A))) + | A=Aff $ CT . (113) 

Expand Z(A) = C{L(X)) as 

L = K + X- 1 P + o(X- 1 ), 

k ~ 1 ~ fll4) 

L k = K k + X- 1 J2 K j PK k ~ J - 1 + o(X- 1 ). V ; 

3=0 
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With the identity 

-I = Y. 5ZK-fc J + Pn-kJ)M J (a v J) k - j - 2 , (115) 



"fl ^v 



fe=i i=o 



we have 
/<(L),„ = f(L) 



n fc-2 



Kv + A" 1 J2 J2( Q n-kI + Pn-kJ)(a»J) j P^(a„J) k - j - 2 + o(A- 1 ; 

fc=l j=0 



116) 



"" + o M - o/ ""■ 



b^-K 



This gives the constraint on Q: Q^ = — P^v 

By integration, (113) becomes Hamiltonian systems with Hamiltonian functions 
1 n 

^ = «E a i(4- ) -i A --i+^) 



2 

i=i 

IVr7T (0) -7T (0) V 2 + I \SlT (0) +7T (0) ^ 

A / j \ 7l 2j,2k-l n 2j-l,2k) ~r ^ / j V 7r 2? — l,2fc— 1 ^ 7l 2j,2k) ' 

j,fc— l j,fc— 1 

n 



^^E^U-i+4: 



;ii7) 



1 A 6j - b k (Q) _ ( o) 2 1 A by- b k (Q) ( o) 2 

1 2-, a . _ ak ^2j,2k-l *2j-l,2k) + 4 JL a . _ afe ^2i-l,2fc-l + %,2/J ■ 






These are involutive Hamiltonian systems which are integrable in Liouville sense. 
Each solution of these Hamiltonian systems gives a solution of the n wave equation [10]. 

7. Two dimensional hyperbolic Cn Toda equation 

The two dimensional hyperbolic C„ Toda equation is 

u hxt = e 2 " 1 - e" 2 "" 1 , u n , xt = e""-"- 1 - e" 2 ^, 
UjM = e^-^-i _ e u J+1 - Uj (2<j<n-l). 

It has a Lax pair 

$ X = (\K + P(x,t))$, ® t = \- 1 Q(x,t)<5> (119) 

where X = (<5 j+ i ifc )i<i,fc<2n, P = (pjS jk )i<j,k<2n with pj = u jtX for j = l,---,n and 
Pi = -u 2n +i-j,x for j = n + l,---,2n, Q = (qjj,k+i)i<j,k<2n with q k = e Uk + 1 ~ Uk for 
k = 1, • • • ,n - 1, g„ = e" 2u ™, g fc = e" 2 ^ 1 -'"" 2 "-* for k — n + 1, • • • , 2n - 1, q 2n — e 2ui . 
Note that Pj + p 2n +i-j = 0, qj = q 2n -j and q\q 2 ■ ■ ■ q 2n = 1. Here we use the convention 
q2n+j = qj etc. 

Written in components, (119) is 

<f>j,x = ^<f>j+i+Pj<f>j, <f>j,t = \~ l qj~i<t>j-i- (120) 
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(118) is equivalent to 

Q X = [P,Q], P t + [K,Q] = 0, (121) 

or 

qk,x = ipk+i - Pk)qk, Pk,t = <lk-i - qk, (122) 

which are equivalent to the integrability condition of (119). 



„2 



7T1 



Now N = 1, mi = 2n, uj\ = uj = p where p = exp ( — ), W 

\2n/ 

(( — l) J 5j : 2n+l~k)l<j,k<2n, ^1 = (p _ J + b*jk)l<j,k<2n- Then 

"Cfc = {(aij)2nx2n \ 0-ij ^ only when j - i = k mod 2n, 

and satisfy (-l) k a iti+k + ai_ fc -i,i-* = (1 < * < 2n)}, 
Tinker adK = {0}, 
O = {±/ 2 „ x2 „ | c G R}, Q k = {0} (k = l,2,---,2n-l). 



(123) 



We have P E V , Q € V_ x . 

Take k = — , Let $ CT (o" = 1, • • • , r) be column solutions of (119) with A = A CT . By 
(13), the Lax matrix is 

y ' 2n^^ A - u a X a ' V ; 

a=l (T=l 

whose entries are 

' (^-1^-l^iJ-k} ^2n-l^{j-k} 

L ifc (A) = Aj-fc + 2^ ^n _ ^2n 0j CT 02n+l-fc, CT , (125) 

cr=l CT 

where {A;} is the remainder of k divided by 2n. Here we have used the identity 

j^ Q A - u) a K ~ A 2 " - \ 2 a n ' (126) 

(see Lemma 2 in [27]). 
Theorem 8 Under the constraint 

^■-P-Vl]^ 1 (127) 

fc=i 

2n 

7 ,-=i-(-i)%£3, r =n^' ( i2g ) 

fc=i 

£/ie Lax pazr fll^j o/ £/ie two dimensional hyperbolic Cn Toda equation is changed to a 
system of ODEs 

2n 
<f> ja , x = \A j+ l,a + i-iy-^Ljh,*, 4>3*,t = K 1 I! ^f 77-10,-1,., (129) 

fc=l 
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or equivalently, 

$„,* = (AL(A)) + | a=Act $ ct , 0> fftt = A^^tr^O) 2 "))^" 1 ^) 2 "- 1 ^. (130) 

These ODEs are Liouville integrable Hamiltonian systems with the Hamiltonian func- 
tions 

2n _, 2n 



H* = - tr Res (AL 2 (A)) = £(-1)^,1+^ + ^ £ 

i=i 

^ = -n(i-tr(L(0) 2 ™)) 2 "=-nn(l 



'tt (0) ) 2 

' : 2 „ " J=1 , (131) 



i=i 
Proof: Take / x (t) = r. According to Theorem 1, the nonlinear constraint is 

Pi = (-ly-^ti- (1 32 ) 

We should mention that (127) is compatible with (132) under the relation pj = Uj jX . In 
fact, by the definition of 7, and the constraint (132), 

~' J " r -Pi + i- Pj . (133) 



Hence T x = 0. (This can also be obtained from (144) below.) Then from (127), 

1 j ~ 1 

u ix = 2_^ = Pj (I 34 ) 



"J,X 



2 70 ^ Ik 



with the relation pi + po = 0. 

Under the constraint (132), the first equation of the Lax pair (119) becomes 

$ ff:X = (AL(A)) + | a=Act $ ct = (X a K + P)$ CT (135) 

where P = ((-l) J_1 7rj°i.-j)i<j,fc<2n- 

According to Theorem 2, this is a Hamiltonian system with Hamiltonian function 

2n 2n 

H x = ^trRes (AL 2 (A)) = j^-l^jJU-,- + \ I>£L+i-,) 2 - (136) 

3=1 3=1 

The coefficient of the second equation of the Lax pair (119) is not a polynomial of 
A. Hence we can not use the above general method and should construct its nonlinear 
constraint and Hamiltonian function directly. Similar to (26), we have 

(n a $ ff <f>T(n a fw) t = -4y-[Q, n a <f> a $T(n a ) T w)}. (137) 



Hence 



where 



L t -±[Q,L] = ~[Q,K-K] (138) 



cr=l a =0 

r 



(139) 



CT = 1 
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[Q, K — K] — holds if and only if 7-,-g,- = jj +1 qj +1 . This is equivalent to 

Qj = 77 1 ? (140) 

for certain function I\ However, since q±q2 ■ ■ ■ qin = 1, we have 

2n j_ 

? =(n^) 2 "=r, (Mi) 

fc=i 

and the nonlinear constraint becomes 

Qj = T7" 1 , (142) 

which is equivalent to (127). Meanwhile, the second equation of the Lax pair (119) can 
be written as the second equation of (129). 
From (125), we have 

r 

(L(0)) jk = 5 j+ i, k - y^(-l) 3 A~Vj g 0-j >g ^ + i >fe = nfjS j+1>k - (143) 



(7=1 



Hence 



2ra 



and 



tr(L(0)) 2 " = 2nJ] 7fc (144) 

fe=i 

2n 

L(O) 2 - 1 ) = J] 7 ,<W. (145) 

With the constraint (127), the second equation of (129) can be written as the second 
equation of (130). 

With if* in (131), we have 

dH * 1 ^ , iMx f 1 + .r^2n\^-Vr^2n-A 9L(0) ab 



X>^- ^EH^^.^f- (, ( o) Ha ^ 



1 A v^ /l N^-l 



E E(- i r 1 ^w(^trL(0) 2 ") 2 "" (^O) 2 "- 1 )^; 1 



2 

k,a,b=l a=\ 



■( — I) a (5 a k4>- a ,<j0~a+l,b + </W^-a,fc<Wl,&) 
1 2n r j__ : (146) 

sEB-D^V^trLtO)-)*- 



fe=l (7=1 



(L(0) 2n 1 )fc+i,fe + (£(0) 2 ™ ^i-fc.fej^-fc^+fc,! 



1 
A -i^2n 



trL(O) 



2/i 



2;? 



i-i_(-i) ^- 1 ' ff - 



1 " (-i) J "%--i,w 



Hence H l is the Hamiltonian function of the second equation of (130). 

According to Theorem 5 and 6, the Hamiltonian systems given by both H x and H l 
are Liouville integrable. The theorem is proved. 
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Therefore, any solution of the integrable Hamiltonian systems with Hamiltonian 
functions (131) gives a solution of the two dimensional hyperbolic C„ Toda equation. 
The corresponding symplectic structure is the natural one of C„ . The Hamiltonian 
systems (131) are simpler than (with space of lower dimension) that presented in [27] 
where the symplectic structure is derived from the complex structure. 
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